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Abstract 

We prove that the scattering matrix at a fixed quasi-energy determines uniquely a 
time-periodic potential that decays exponentially at infinity We consider potentials 
that for each fixed time belong to L 3 ^ 2 in space. The exponent 3/2 is critical for the 
singularities of the potential in space. For this singular class of potentials the result 
is new even in the time-independent case, where it was only known for bounded 
exponentially decreasing potentials. 

Short Title: Inverse Scattering at a Fixed Quasi-Energy 

1 Introduction 

We consider the scattering of a quantum-mechanical particle in R 3 by its interaction with a short- 
range external potential that is periodic in time. The time-dependent Schrodinger equation is given 
by 



where H = —A, and H(t) = H + V(t, x) are, respectively, the unperturbed and the perturbed 

Hamiltonians. Assuming that V is real valued and that it satisfies appropriate conditions on its 

regularity and on its decay as \x\ — > oo, that we specify below, and that it is periodic in time, with 
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period that we take as 2tt, i.e., V(t + 2tt,x) = V(t,x), the solution to (jl.ljl is given by a strongly 
continuous unitary group on L 2 , 



cp{t) = U{t,t )cp , VoEL 2 , (1.2) 
where we denote by ip(t) the function (p(t, •). 

The wave operators with time lag r G K are defined as the following strong limits 

W±(t):=b- lim U*(t + T,r)e- itHo . (1.3) 

t — >±oo 

We give below conditions assuring that the W±(r) exist and are complete, i.e., Range W±(r) = 

7~tac (U(t + 2n, r)). Here H ac (U) denotes the subspace of absolute continuity of U. Then, the 
scattering operators 



S(t) := W*(t)W-(t), tGK, (1.4) 

are unitary on L 2 . Note that as V is periodic, W±{t + 2ir) = W±(t), and S(r + 2n) = S(r). Hence, 
it is enough to consider r G [0, 2n). The construction of the scattering matrix associated to S{t) is a 
consequence of the application to our problem of the Howland-Floquet method [ID] and of 

the Kato-Kuroda scattering theory ^H] , [22] . However, to motivate physically the scattering matrix, 
and in particular, to clarify what is the meaning, in physical terms, of a scattering experiment at 
a fixed quasi-energy, it is convenient to briefly discuss how scattering experiments with Sir) are 
related to each other for different r's. Here we follow 25 . As is well known [29j, the wave operators 
satisfy the following intertwining relations, 



W±(t) = U{t, 0)W±(0)e iTHo . (1.5) 
Hence, the scattering operators satisfy, 



S(t) = e- iTHo S(0)e iTHo . (1.6) 

The incoming asymptotic states ip and e lTH °^p represent two identically prepared states, except for 
a time lag r. Then, thinking in terms of the Heisenberg representation of quantum mechanics, 
the operator S(r) describes a scattering experiment corresponding to an incoming asymptotic state 
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prepared with a time lag r. Note that particles that enter the interaction region at different times do 
not interact with the same configuration of the potential. Hence, to consider all possible scattering 
events we have to take into account the whole family, S(r), r G [0, 2n). A natural way to do this is 
to let S(t) act as a multiplication operator in the enlarged space, 

H := L 2 (T, L 2 , dt) (1.7) 

where T is the torus, T := IR/27rZ, with Z the integers, and dt the measure induced in T by Lebesgue 
measure in R. That is to say, we consider the locally square-integrable functions on R with values 
in L 2 that are periodic with period 2tt, with scalar product 

2tt 



fa, V0« : = J o dt (p(t,x)if>(t,x). (1.8) 
Hence, let us define the enlarged scattering operator, S, 

(S<p)(t, x) := S(t)ip(t, x),<pEH. (1.9) 

S is unitary on TC. Let us denote, 

F :=-i^ + H . (1.10) 
Taking the derivative with respect to t in (jl.9j) and using (jl.6j) see that formally, 



Fo^SFo. (1.H) 

Equation p.ljl can be considered as an approximation to the interaction of a quantum particle with 
an external quantum field. In this approximation — i is the energy operator for the external quanta 
(note that the spectrum of — ij^ is Z) and TC is the state space for the quanta and the particle. 
Furthermore, Fq is the total free energy operator, and S is the scattering operator for the quanta 
and the particle. Fq is usually called the free quasi-Hamiltonian or the free Floquet Hamiltonian. 
The commutation relation (jl.llj) tells us that the free quasi-energy is conserved in the scattering 
experiment. In other words, in the scattering experiment the particle can gain or loose energy only 
by absorbing or emitting quanta of the external field. It is quite remarkable that on spite of the 
fact that we consider the external field as a classical time-dependent potential, V, the emitted and 
absorbed energy is quantized These considerations make it natural to define the scattering 

matrix for S as the operator that is obtained by diagonalizing S in a spectral representation of F 
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that expresses the quanta and particle content of F in a natural way. This spectral representation 
is constructed as follows. For any nfZ denote O n = (n, oo) and 

H := C-ooi 2 (On,i 2 (Sf) ,dX). (1.12) 

Then, by taking Fourier series in t and Fourier transform in x we obtain an unitary operator, JF , 
from 7i onto Ti, such that 

Wo 1 = A, (1.13) 
is the operator of multiplication by the quasi-energy A on TC. Moreover, for A G R\Z we denote, 

H{X) := ® n m= ^L 2 (S 2 ) , (1.14) 
where n is the only integer such that, n < A < n + 1. Note that, 

/+oo A 
H(X)d\. (1.15) 
-oo 

We designate, 

5 := W^T 1 - (1-16) 

Hence, we prove that there is an unitary operator, 5(A), on H(X) (see ()4.78)) . (|4.87|) and (|4.88j) ) 
such that, 

(S<p)(\)=S(\)<p{\), (1.17) 

for any </? = y(A) G © J_^'H(X)d\. Furthermore, S(X) = I + T(A), where T(A) is an integral 
operator in 7Y(A). ^(A) is the scattering matrix and the Hilbert-Schmidt integral kernels of T(A) 
are the scattering amplitudes, both at a fixed quasi-energy A. The fact that S(X) is an operator on 
7i(A) exhibits the multi-channel nature of our scattering process, where quanta of the external field 
are emitted or absorbed by the particle. 

The potentials V(t, •) G L 3 ^ 2 that we consider are so singular that the Hamiltonian H(t) can not 
be defined as an operator sum and we have to use quadratic form methods. Note, however, that 
defining the Hamiltonian by quadratic form methods is quite natural from the physical point of view, 
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as what is measured experimentally are the transition probabilities (H(t)4>,i()). Once we realize -in 
mathematical as well as in physical grounds- that the Hamiltonian has to be defined by quadratic 
form methods it is natural to assume that the potential factorizes as V = V1V2, and to give our 
conditions on Vj,j = 1,2. This is also convenient since the singularities of the potential make it 
necessary to use the factorization method to solve the direct scattering problem. 

To motivate our conditions it is instructive to first consider the case of time-independent poten- 
tials. By Sobolev's imbedding theorem W\ C L 6 . Moreover, multiplication by Vj £ L 3 ,j = 1,2, 
is a bounded operator from L 6 into L 2 . As W\ is the quadratic form domain of the Laplacian, 

V := V1V2 is infinitesimally quadratic form bounded with respect to Hq. This makes it possible to 
define the Hamiltonian Hq + V by quadratic form methods. If V £ L 3 / 2 we can take, V\ '■— |^| 1//2 , 
and V 2 : = jVl^signV. Each of the inclusions above is sharp, and this is the reason why 3/2 is the 
critical exponent for the singularities of the potential. In the time-periodic case we give conditions on 

V that allow us to adapt these estimates in a natural way. We assume that V factorizes as follows, 



V(t,x) = V 1 (t,x)V 2 (t,x), (1.18) 

where 

+00 / +00 \ 

V l (t,x) = E e im Vi, m (x), V 2 (t,x)=i E e mt V 2 , m (x))V 3 (t,x), (1.19) 

m=— oo \m=— oo / 

with 

+00 

E ||^ m ||L3<oo,j = l,2, (1.20) 



m=— 00 



V 3 (t,x) £ L°° (M 4 ), and1/ 3 (t+27r,a;) = V 3 (t,x). One possible choice is V x {t,x) := \V(t, x)\ l l 2 , V 2 (t, x) : = 

\V (t, x)\ 1 / 2 signV (t, x) . As mentioned above, in the time independent case these conditions are satis- 

+00 

fied if V £ L 3 ' 2 . Note that (jl.2(J|) is a condition on the regularity in time of J2 e imt Vj,m{x),j = 1, 2. 

m=~ 00 

In fact, there is a trade off between the singularities of the potential in space and its regularity in 
time. We take advantage of this trade off by assuming that the potential is a product of a bounded 
function, that is only measurable in time, and of two factors that can have singularities in space of 
type L 3 , but that are regular enough in time. To solve the inverse problem we further assume in 
Theorem 1.1 that the potential decays exponentially. 

The perturbed quasi-Hamiltonian, F, is a self-adjoint extension of F + V. Our main result is 
the following theorem. 

THEOREM 1.1. Suppose that V is real valued and that it factorizes as, V(t, x) = Vi(t, x) V 2 (t, x), 
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wherefor some 5 > 0,14 (t,x) = e~ s °W £ e iw *Vi, m (a;), V^t, x) = e - 5 °N £ e imt V 2;m {x) ) V 3 (t, x) , 

m=—oo \m=— oo / 

+00 

E II Vj-^His < 00, j = 1,2, V^ac) e L°°(M 4 ) ; and V-^t + 2vr, 2) = ^ 3 (t,x),t e R. T/ien, the 

m=— 00 

scattering matrix, 5(A), known at any fixed X G R\Z t/iat zs not an eigenvalue of F, determines 
uniquely the potential V . 

As we show in Theorem 4.3 if V is small enough, F has no eigenvalues. For a result on the absence of 
eigenvalues when V is repulsive see jlHj, |H]. For the exponential decay of quasi-stationary states see 
For the uniqueness of the inverse scattering problem for iV-body systems with time-dependent 
potentials when the high-energy limit of the scattering operator is known see |3*Hj . 

The paper is organized as follows. 

In Section 2 we construct the spectral representation of Fq. Furthermore, we state results on the 
limiting absorption principle (LAP) for F that are an immediate consequence of the corresponding 
results for the Laplacian in M 3 . 

In Section 3 we construct the unitary propagator U(t,t ). Here we follow the method of Yajima 
|45j . |4*7j . Actually, our result is an extension of Yajima's jl^j, |Hj to the critical singularity L 3//2 . 
This is possible by the use of the end-point Strichartz estimate [20J. 

In Section 4 we prove the LAP for F, and we establish the existence and completeness of the 
wave operators. Here we extend the previous results of Yajima j3Hl and Howland ^U], to the critical 
singularity L 3 / 2 . Furthermore, we construct the scattering matrix. We use the Howland-Floquet 
method 0, [33], [TU] and the Kato-Kuroda scattering theory jTH], [2~2"j . 

In Section 5 we prove Theorem 1.1 adapting to our case the proof of uniqueness at a fixed energy 
for bounded exponentially decreasing time-independent potentials given in [31] by Uhlmann and 
Vasy. Here the estimates and the generalized limiting absorption principle for Faddeev's Green 
operator that we obtained in j^H] play an essential role. For other results in uniqueness at a fixed 
energy for exponentially decreasing time-independent potentials see , |lj and [TJ] . For uniqueness 
at a fixed energy of compactly supported perturbations of a short-range potential see ^7\. For 
perturbed stratified media see [13], [US] and 

Finally, we briefly describe the Howland-Floquet method Pj, [TQ| that we use. Let us define 
the following strongly-continuous unitary groups in TC, 
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(Yo(t)v>) (t) 



-IT Ho 



X21) 



(F(r)v?)(t) := U(t, t - T )tp(t - t), t G R. (1.22) 

The generators of Y and Y are, respectively, F and F, i.e., lo( r ) = e _rrF °, and K(r) = e~ lrF , or in 
a more precise way, a self-adjoint realization of the free and perturbed quasi-Hamiltonians. Then, 

(V rF e- iTF( v) (t) = C/(t, 0)[/(0, t + T)e- i{T+t)Ho e itH °(f{t). (1.23) 

Hence, defining 



W±:=s- lim e iTF e- irFo , (1.24) 

T— >±00 



and using (|1.5|) . we obtain that 



(W±^)(t) = W±(t) ¥ 7(t), (1.25) 



and then (see (jl.9j) ^ 



5 = (1.26) 

This means that we can study the scattering theory for (jl.l|) by studying the wave operators W±. 
Since now time is another coordinate, we can apply to this extended scattering problem the stationary 
theory of Kato and Kuroda [TH], |22]- Note that W± and S are, respectively, the wave and the 
scattering operators for the quanta and the particle. 

For applications to quantum mechanics and to atomic physics of the scattering problem discussed 
in this paper see [TT] and |23j . 

2 The Free Quasi— Hamiltonian 

We define F as the following self-adjoint operator in 7i, 

{F o¥ >){t,x) := (-i^ + H )ip{t,x), (2.1) 



with domain, 



D(H ) :={<peH: {-ij t + H ) V G H}, (2.2) 
with the derivatives in distribution sense. By T s we denote the Fourier series, 

1 r 2w 

{T s ip) m := -= / <p(t)e- mt dt, (2.3) 



'2-k Jo 

as an unitary operator from L 2 (T) onto i 2 and by JF T the Fourier transform 



(2tt) 3 /2 

as an unitary operator on L 2 . Then, 



{J^p)(k) := — L? [ +C ° e~ lk ^(x)dx, (2.4) 



T := T s x J- T (2.5) 



is unitary from TC onto 



Clearly, 



and 



H:=i 2 {L 2 ). (2.6) 
F = F-\m + k 2 )F, (2.7) 



£>(F ) = {if : (m + A; 2 )(^) m (A;) G W}. (2.8) 

Then, F is absolutely continuous and its spectrum is M. Define the following unitary operator from 
H onto H (see dEEJ), 

(•7><£>)m(A, v) := ;4=(A _ m )^m (VA - mi/) , A G (m, oo), f G S^, (2.9) 

and designate, 

T^:=T r T. (2.10) 

Then, 
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Fq := FqFqFq 1 = A, (2.11) 

is the operator of multiplication by the quasi-energy A on TC, i.e., JF gives us the spectral represen- 
tation that we need. Observe that for <p with compact support, 



(J F oV 2 )m(A, v) = J <p m (t,x,X,u)(p(t,x)dtdx, (2.12) 
where <p m is the following generalized eigenfunction of F , 



0m(*) x, A, v) := i= (^i e ^ e *(A-™)^ 



a; 



;2.i3) 



For s G R let us denote by L 2 the weighted L 2 space, 

L 2 : = G V : (1 + x 2 ) s/ V(x) G L 2 } , (2.14) 



with norm, 



||^|| L? = ||(l + x 2 ) s /V(x)|| i2 . (2.15) 
For p > let T(p) be the bounded trace operator from L 2 , s > 1/2, into L 2 (Sf) such that, 

(T(pV)(z,) = p(^)(pz/) , peC™. (2.16) 
T(p) has the following properties (see for example pages 4.20 and 4.26). 



1) 



T(0):=limT(p) = 0, (2.17) 

pJ.o 



where the limit exists in the operator norm. 
2) 



\\T(j>)\\bm,V(s*)) <C s ,P>0, (2.18) 
\\T{p) - T(p') \\b(lil*(sI)) < C\p - P T 1/2 , 1/2 < s < 3/2, p, p' > 0. (2.19) 
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Let us denote 



U s := L 2 (T,L 2 S ), s e R. (2.20) 

We define, 

{T n (\)<p) (u) := ^ (A _ 1 m)1/4 [T((A - mf/^Mm] (u), (2.21) 

for A > m, and 

(T m (A)p)(i/) = 0, for A<m. 

Define W(A) as in (fTT^I and 

£>(A) := elU-oA(A), n<A<n+l. (2.22) 
Then, for A G R\Z,D(A) G B{H S ,H{\)), s > 1/2, and 

P(A)ll s(Ws ,«(A)) < C(l + |A - n|^),n < A < n + 1. (2.23) 

Denote, 

W(oo) := ©m=-oo-^ 2 (^i 2 ) • (2-24) 

Hence, 7Y(A) C H(oo), with the natural imbedding where we take ip m = for m > A. £)(•) is a 
locally Holder continuous function from R\Z into 7i(oo) with exponent s — 1/2, if 1/2 < s < 3/2. 
Moreover, ifl<s<3/2it extends to a Holder continuous function defined also for A integer, but 
the exponent at any integer A is 

Let us denote by E the spectral family of F Q . Then, 

F E (A)<p = Xa (A)£>(AV, <p€H s ,s> 1/2, (2.25) 
for any Borel set A, and where xo denotes the characteristic function of any set OcR. 
Let P m be the following orthogonal projection operator, 
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P mV = — e- imt tp{t,x)dt. (2.26) 

Z7T JO 

We have that, 

H = ffi^^W™, where H m := P m H. (2.27) 

For z G C± denote, 

i2o(*) := (F - z)~\ (2.28) 

and 

r Q {z):={H -z)-\ (2.29) 

Clearly, 

i*o(*) = ©~=-oo^o(^ - m)P m . (2.30) 
Let W a , a > 0, be the Sobolev space, 

W a := {y? G L 2 : (1 + k 2 ) a l\r T <p){k) G L 2 }, (2.31) 

with norm, 

lblk a :=||(l + fc 2 ) a/a (^)(fc)||L". (2.32) 

For a < 0,W a is the dual of W- a (with the pairing given by the L 2 scalar product). Moreover, 
define, 

W a , s := [ V G L 2 S : (1 + x 2 ) s l 2 ip{x) e W a } , (2.33) 

with norm 

y\\w a y.= \\(l + x 2 y/Mx)\\ Wa . (2.34) 

Finally, we designate, 
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lC a , s :=L 2 (T,W a , s ). 



(2.35) 



The following results on the limiting absorption principle (LAP) for F are an immediate conse- 
quence of (J2.3Uj) and of the well known results on the LAP for H , PP, jB], [Ej, ^H], and [23]- The 
following limits, 



Ro±{\) := UmRo{X±ie) (2.36) 

eJ.Q 

exist in the uniform operator topology on B(7i s , /Ci._ s ), s > 1/2, for A G R\Z. The convergence is 
uniform for A in compact sets of R\Z and the functions, 

ri?o(A), SA^O, 
Ro,±W ■= (2-37) 

defined for A G C± U R\Z with values in B(7i s ,K.i- s ) are analytic for OA 7^ and locally Holder 
continuous for SA = 0, with exponent, 7, satisfying 7 < s — 1/2, 1/2 < s < 3/2. If s > l,i?o,±(A) 
extend to Holder continuous functions on C± but the exponent of Holder continuity at A e Z satisfies 
7 < s — 1, 1 < s < 3/2. Furthermore, -Ro,±(A) are bounded operators on B(TC S , fC a ,-s), < a < 1, s > 
1/2, for A G R\Z and if s > 1 also at A = R. Moreover, for any 5 > there is a constant C5 such 
that 

||irV±(A)i| s(Wsi /e a ,_ s ) < - , - ^ — r,0 < a < 1, (2.38) 

(l+mf n |A-n|) 

for all A G R with inf n |A — n| > 5, and where if s > 1 we can take 5 = 0. Moreover, the Rq,±(\) are 
compact operators from H s into )C a - s , < a < 1, with A and s as above. 

It follows from (J2.25j) and the Stone's theorem that, 



dX °^ ^ 2m 



i? (A + iO) -i2o(A-iO) 



D*(\)D(\), A G R\Z, (2.39) 



as a bounded operator on B(TC S , H- s ), s > 1/2, and if s > 1 also at A G Z. 



3 The Unitary Propagator 

Let us define the following class of potentials. 
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DEFINITION 3.1. For any interval I C K we denote by V(I) the class of potentials V(t,x),t e 



V(t,x) = V 1 (t,x) + V 2 (t,x) 



(3.1) 



where, 



V 1 {t,x)eL°°(I,L 3 / 2 ), 



(3.2) 



and 



^^er^r). (3.3) 



Note that V(I) is a Banach space with the norm, 



\\V\\ V{I) := inf {11^x11^(^3/2) + \\V 2 \\ L i [I ^ ) : V = V x + V 2 ) . (3.4) 

The operator (ifo + l) -1 ^ 2 is an integral operator with kernel G(x—y), where G is the Bessel potential 
that satisfies [SHj, 

|G(x)| < C a \x\- 2 e- a W, for all a > 1. (3.5) 
Then, by the Holder and the generalized Young inequalities [27] 

IIIKWi^Cfro + ir^llfl^^ciiiViCt)! 1 / 2 !!^. (3.6) 

Consider # n e C£°(M 3 ) such that g n -> |Vi(t)| 1/2 in the norm of L 3 . By the Rellich local compactness 
theorem g n (H + l) -1 / 2 is compact in L 2 , and furthermore, by ()3.6|) 

||(|F 1 (i)|V2_ ffn)( ^ 0+l) -l/2|| B(i2) < C ||| yi(t) |l/2_ gn | U3) (3J) 

and it follows that (^(^^^(-^o + l) -1 ^ 2 is compact. Then, the quadratic form, 
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h t {ip,i/>) = (H <p,> l l>) + {V(t)<p,1>), (3.8) 

with domain W\ is closed and bounded below. Let H{t) be the associated self-adjoint operator [27] 
for a.e. t & I. 

Let us consider the integral equation associated to (jl.ljl 

<p(t) = U (t - t )<p - i f U (t - r)V(r) V (r)dT, (3.9) 

where, 



U (t - t ) := e- i{t - to)Ho . (3.10) 

We construct below the solutions to (jl.lj) by solving (|3.9|) . The key issue for this purpose is the 
following end-point Strichartz estimates. Let us denote, 

(G toV )(t) := -i f U (t - r) V (r)dr. (3.11) 
Let / be any interval in R, and denote, 



L p ' q {I) := L q {I, L p ),l<p,q<oo. (3.12) 

The function ip e L p f c (I) if e L p,q {I') for J' any compact subinterval of I. Then [2*U] . 

e -ftff„ e B(L 2 ,L 6 > 2 (I)), (3.13) 

and for t £ I 

G t0 G B(L 6/5 ' 2 (I), L 6 ' 2 (I)) n £(L 6/5 ' 2 (J), 0,(1, L 2 )) n B(L 2,1 (I), L 6 ' 2 (/)). (3.14) 
Moreover, trivially, 

e~ UHo eB(L 2 ,C b (I,L 2 )), (3.15) 



G 1 ,£B(^(/) l Cf,(J l L a )) ) 
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(3.16) 



where Cf,(I,L 2 ) denotes the continuous and bounded functions from I into L? . Furthermore, the 
bounds on (j3.13|) - (j3.16J) can be taken uniform on t and /. Let us designate 



A{I) :=C b (I,L 2 )nL^(I) 



(3.17) 



with norm 



P\\A(i) '■= m ax \\p\\c b {i,L 2 ), IMU 6 - 2 (/) 



(3.18) 



and 



A' (I) := L^OO + L 6 / 5 ' 2 ^), 



(3.19) 



with norm, 



IMU'OO := inf | ||v?i 11^2,1(7) + ||<£>2|| £6/5,2 (/) : (p — <p x + ip 2 } . 
We prepare the following result. 

LEMMA 3.2. Given e > there is a 5 > such that for any interval I' C /, with \I'\ < 5, 



(3.20) 



|V(/') < £■ 

Proof: Take V 1>m e L°°(I, L 3/2 n L°°) such that 



(3.21) 



and denote 

Then, 

Moreover, 



\Vi — V\, m I \l°°(I,L 3 / 2 ) < 



v m = v hm + v 2 . 



\V — V m \\v(i) < 77 



(3.22) 
(3.23) 
(3.24) 



|Kn||v(.P) < IlKnllL^/'.L 00 ) < 77? 



(3.25) 
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if 1 1'\ < 5 for 5 small enough. 



By Holder's inequality, 

\\V\\ B{A{I) , AV)) < \\V\\ m . (3.26) 

Moreover, by (ETUI) and (I3~TT)J) . 

G to eB(A'(I),A(I)) (3.27) 
with bound uniform on to and on /. Denote, 

Qt <p := G t0 Vcp. (3.28) 

Hence, by fj3~27)|) and (J3~2TI) 

\\Q t0 \\B(A(i))<C\\V\\ m , (3.29) 

where the constant C is independent of to- 111 consequence, by Lemma 3.2 for any t G / there is 
a 5 > such that for /' = [t — 8/2, t + 6/2], Q to is a contraction on *4.(/') and then (|3.9|) has an 
unique solution on A(I') given by 

<p(t) = (I - QJ- 1 T toVo , tel', (3.30) 

where 

T t0 (p = U (t - t )ip . (3.31) 

The following Theorem is now proven as in the proof of Theorem 1 of j37j (see also jlH]) by 
extending the solution given by (|3.3U|) to £ € J in successive steps of length 5. As by Sobolev's 
theorem L 6//5 is continuously imbedded in W-2, we have that V G £>(L 6 , W-z), and then H + V G 
£(L 2 n L 6 , W_ 2 ). Moreover, for if G fl L 6 , 

ff(t)p = + V(t)y>. (3.32) 
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We also use the notation H(t) for H + V(t) when viewed as a bounded operator from L 2 fl L 6 into 

THEOREM 3.3. Suppose that V satisfies V(t + 2n,x) = V(t,x), t E R,x E R 3 and that V E 
V([0, 2n]). Then, there exists a unique propagator U(t,t ), (t, to) E R 2 with the following properties. 

1) U(t,t ) is unitary in L 2 with U(t,tx)U(ti,to) = U(t,t ),t ,ti,t E R. 

2) [/(-, •) is a strongly-continuous function from R 2 into B(L 2 ). 

3) U(t + 2vr, t + 2tt) = U(t, t ),t, t E R. 

4) For any to eK,^6 L 2 ,U(-,t )tp E L^ 2 (M) and it satisfies the equation 

U(t, t Vo = U (t - t )(p - % f U Q (t - t)V{t)U{t, t )<p dr. (3.33) 

5) There is a constant C such that for all to E R, ifo E L 2 and all bounded intervals I C R, 

\\U(;to)<Po\\L*.'V) <C(1 + |/|) 1/2 ||^o||l 2 . (3.34) 

6) For any to E R and tpo E L 2 , U(-,to)fo is a W-i~ valued, absolutely- continuous function and it 
satisfies the equation M.l\) . 



i^U(t, t )ip = H(t)U(t, t W (3.35) 



Theorem 3.3 extends the results of [13], [UJ to the critical singularity L?l 2 . We could consider the 
problem of the regularity of the propagator as in 03] and [UJ. Also, as in Theorem 1 of [UJ we 
could study the case of V E L°°(R, L 3 / 2 ) + L 1 (R, L°°). We do not go in these directions here. For 
other results on the unitary propagator for time-dependent potentials see [TSj, [IE], [2*7] . |3*2~|, and 
the references quoted in these works. 
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4 The Limiting Absorption Principle 



In this section we always assume that V is real valued, and that V(t,x) = Vi(t,x) V 2 (t, x), where 

+00 / +00 \ 

V^x) = (1+ \x\)-^' 2 E e* mt V 1>m (x),V 2 (t,x) = (1 + |x|)-( 1+ ^ 2 E e m 'V 2 , m (x)h/ 3 (t,x), 



m=— 00 \m=— 00 



with, 



E II^.JU 3 < oo,j = 1,2, V 3 (t,x) G L°°(R 4 ),and^ 3 (t + 2vr,x) = V 3 (t,x),t G R, (4.1) 

m=— 00 

for some e > 0. We could also add to V a bounded short-range term, but for simplicity, and since our 
aim is to solve the inverse problem for exponentially decreasing potentials, we will not do so. Since 
H(t) is defined as a quadratic form, i.e., the perturbation V(t) is only form bounded with respect to 
Hq, we find it convenient to use the Kato-Kuroda theory |19j . [22] with the factorization method. 

Let us denote by x ) the characteristic function of the support of Vi(t, x). We define, 

qi (t,x) :=V 1 (t,x) + e- x \l-Xi(t,x)), (4.2) 

q 2 {t,x):=V 2 {t,x) X i{t,x). (4.3) 
Let A and B be the following maximal operators of multiplication in 7i, 

A(p:= qi {t,x)ip{t,x), (4.4) 

Bcp:=q 2 (t,x)(p{t,x). (4.5) 
Estimating as in (J3.6J) we prove that A and B are bounded from /C 10 into 7i. Observe that, 

V = BA = AB G B (/Ci,o? £-1,0) • (4.6) 

We define qj(t,x),j = 1,2, as above only to simplify some of the proofs below. With this definition 
the range of A is dense in 7i. Let us denote by R{z) := (F — z)~ l , 7^ 0, the resolvent of F. By 
functional calculus for > 0, 

R(z) = 1 / e lZT Y{r)dT. (4.7) 
Jo 
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Then, 



By (Q 



(R(z)ifi)(t) = i [ e izt U{t,T)e~ izT (f{T)dT. (4. 

-oo 



2- 



11(^)^)^)11^ < / \\ qj U(t,r)e~ lZT V (r)\\ L2 dr,0<t < 2tt, (4.9) 

J — oo 

and by ()3.34j) and Holder's inequality, 

\\q 3 R(z)ip\\ H < C\\ qj \\ L 3,oo / e^ T \\ V {r)\\ L 2dr < — \\q 3 \\ L ^ \\ip\\ H . (4.10) 

J —oo ^SZ 

Then, for Qz > 0, A Ro(z), BRo(z), AR(z), and BR(z) are bounded in Ti. We prove that they are 
also bounded in Ti for Qz < in a similar way. It follows from ()3.33j) . ()4.8|) and a simple calculation 
(see the proof of Lemma 3.3 of |1H|) that, 

R(z) = R (z) - (BR (z))*AR(z), %z ^ 0. (4.11) 
This implies, in particular, that F is an extension of F + BA = F + AB. 

As is well known, tq(z) is an integral operator with kernel ho(\fz\x — y\), where 

1 p iy/z\x\ 

ho{yfi\x\) := j-p, (4.12) 

47T \X\ 

where we take the branch of the square root with 3^i> 0, zeC. 
LEMMA 4.1. Let f and g satisfy, 



MX) 



f(t,x)= £ e imt fm(x), £ ||/ m ||L3<00, (4.13) 



m=— oo m=— oo 



g(t,x)= e imt g m (x), J2 \\9m\\ifl<oo. (4.14) 

m=— oo m=— oo 

Then, 

J±W-= /^(Ajj.AeC 1 (4.15) 
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are compact operators on TC. The B(H) -valued functions J± are analytic for A G C ± and continuous 
for A G C*. Furthermore, 



lim J±(A) = 0, (4.16) 

|isA|^oo 



where the limit holds in the operator norm in B(TC). 
Proof: Denote, 



J ± (A) :=T s fRv, ± {\)gT7 l . (4.17) 



It is enough to prove that j±(A) have the properties stated on the Lemma as an operator on Ti. :- 
£ 2 (L 2 ). By QTZfy and (|Q^jl . 



(J±(A)y>) n = J! rf ±,n,m(A)v?m, (4.18) 
m=— oo 

where d±, n ,m(A) is the integral operator on L 2 with kernel 



d± >n>m {Kx,y) ■= fn-e(x) h (y/X- £\x- y\)g(y)t- m . (4.19) 



e=-oo 



By Holder's and generalized Young's inequalities |27j . c?±,n,m(A) are bounded in L 2 for A G C-t and, 

oo 

|M±,n,m(A)||i3(L2) < C ^ || || L 3 || #£_ m || L 3 , (4.20) 



l=-oc 



and since 



sup X ||d±,n,m(A)|| B (L2) < C\ J2 WfihA E IMUs, (4.21) 



\i=— oo I r=—ao 



SUp \\d±,n,m( X )h(L*) < C\ J2 IIMU 3 E IMU 3 > ( 422 ) 



r=— oo 



we have that, 



oo 



■4(A)IU«)<tf E E II^IU 3 - ( 4 - 23 ) 



-oo / r=— oo 
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Let h G C(f(]R 3 ) satisfy / h(x)dx = 1, and denote hi(x) = £ 3 h(£x). We designate, f m , r {x) := f m (x) 
if |x| < r, f m ,r(%) = if \x\ > r, and 

f^\x) = ( h t {x - y)f m , r (y) dy G ^(M 3 ), (4.24) 



g% r \x) = J ht(x - y)g m Av) dy e C™(R 3 ), (4.25) 
with g m<r defined as j m ,r- fm^ ~^ fm, dm^ ~^ 9m, strongly in L 3 , as £, r — > oo. We define, 

f{t,r, P ) ._ e mt f£ T) ; g (e ' r ' p) := ^ e imt g£ T \ (4.26) 

|m|<p |™|<P 

As f^ r ^ and 

g(i,r,p) are Dounc [ ec [ an d have compact support in x and as Rq,±(X) are compact 
operators from Ti. s into TC- S , s > 1/2, the operators f( l < r > p > i?o,±(A) g^' r ' p ) are compact in 7i, for A G C±, 
and then, we have that, 

jf' r ' p) (A) := Fsf^RoA^'^Fr 1 (4-27) 
are compact in H for A G C±. By fJ4.2Hjl . 

lim J^ p \\) = 4(A), (4.28) 

t,r,p— >oo 

in the uniform operator topology on B(Tl), and hence, J±(A) are compact for A G C±. Moreover, as 
F is self-adjoint, 

< |^H/ ( '^\» (TxR . ) ll 9 ( '" ) IUr,x»n. 
and as the limit in (|4.28|) is uniform for A G C±, (I4.1fi|) holds. 



Let us denote, 

Qo,±(A) := Si2 0j± (A)A, A G C±. (4.30) 

Since the multiplication operators by xi an d by V3 are bounded on TC, Qo t ±(X) have all the properties 
stated in Lemma 4.1. Denote, 
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G ,±(A) :=/ + Q ,±(A),AeC±. (4.31) 
It follows from (|4.11|) and a simple calculation (see [T7j, (221 an d E3) that 

BR(z) = G 0>± {z)- 1 BR o {z) } z G C±, (4.32) 
= R (z) - R (z)AG ^(z)- 1 BR (z), z G C±, (4.33) 

R(z)A = R (z)AG 0t± (z)- 1 , zeC±. (4.34) 

In (|4.33|) . (|4.34|) . by R (z)A and R(z)A we actually mean the closure of these operators that are 
bounded in 7i. These formulae are first proven for Qz large enough using (J4.16)) and then, they are 
extended to 2 6 C± by the analyticity of the resolvents. In particular, it follows that Gq^±(z) is 
invertible in B(TC) for z G C±. Denote, 

Q±(z) := BR{z)A, z G C±, (4.35) 

and 

G ± (z):=(I-Q ± (z)),zeC ± . (4.36) 

Then, 

G ± (z) = G 0!± (z)-\ z G C±. (4.37) 

To obtain the LAP for F we need to prove that Go.±(A) are invertible for A G K\Z if A is not 
an eigenvalue of F. This is done extending the well known argument of pQ where the case of time- 
independent potentials was considered. This was accomplished in jU] and [TU], but as they considered 
the case where the perturbation is relatively bounded, and the factorization method is not needed, 
we give some details in the Lemma below. We denote by u p {F) the set of all eigenvalues of F. 

LEMMA 4.2. Suppose that Ul\) holds. Then, Q 0j ±(\) are invertible in B(H) for A G R\Z if and 
only if X is not an eigenvalue of F. 
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Proof: We first assume that A G (R\Z) D o~ p (F), and that Fy9 = Ay?. Taking the adjoint of (|4.34|) we 
have that, 

(/ + Ql T {z))AR{z) = ARo(z), z G <C±. (4.38) 
Then (recall that D(A) D D(F)), 

(I + Q* Q ^(z))A<p = AR (z)(F - z)<p. (4.39) 

Take now z = A + is. Hence, 

limAR (A + ie)(F - \-ie)(p = - lim AR (\ + ie)ieip = 0, (4.40) 

e|0 ej.0 

where the limit holds in the strong topology of £_x,(i+e)/2- Here I use that A G B(H, /C-i,(i+ e )/2) and 
that eR q (\ + is) — > as e — > 0, in the strong topology in W because F has no eigenvalues. Then, 

(I + Q* 0>± (\))A<p = 0, (4.41) 

and as A<p E H, (I + Qo±(^)) are n °t invertible. Since Qo,±(X) are compact it follows that (/ + 
Qo,±(A)) are not invertible in B{Tt). 

Suppose now that (/ + <3o,±(A)) are not invertible in B(H). Then, also (/ + Ql±(\)) are not 
invertible and there are w± G Ti such that 

w± + AR ,± (\)Bw± = 0,w±^ 0. (4.42) 
Taking the inner product of 1)4.42)1 with BRq % ±(X)Bw± we obtain that 

(w±, BR 0t ±(\)Bw±) + {ARq i± (X)Bw ± , BR ,±(\)Bw±) = 0. (4.43) 
Taking the imaginary part of ()4.43)1 and using ()2.39j) we have that 

D(X)Bw± = 0. (4.44) 
Note that by (f2~33|) and Lemma 4.1, D(X)B G B(H,H(\)). Denote, 



<p± ■= -Ro,±( x ) Bw ±- 
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(4.45) 



tp± 7^ 0, because otherwise w± = A<p± = 0. Designate, <^±, m := (J r s <P±)m > (Bw±) m := (J r s Bw±) 
Then, by (gUfl), 



V±,m = -^o,±(A - m)(.Bw ± ) m . (4.46) 

The following statements are a slight extension of the results of jl] and that consider the case of 
if G VK Sj o- They are proven as in [T], 0. 



1) Let c > and sGl. Then, for some constant C, for all ip G 



fc 2 + A 2 



< 



C 



s,0 



A > c. 



(4.47) 



2) Let c > and s > 1/2. Then, for some constant C, for all cp G with || fe | =A = in 

trace sense, 



<Cy\\ Ws _ i ,X>c. (4.48) 

Ws-1,0 

For A — m < we obtain from ()4.46|) and ()4.47|) . with s = 

C 

\\<P±,m\\ L 2 <j7 nj^\\(Bw ± ) m \\ w _ 12s , (4.49) 

^ |A — ml 1 -' 1 

and when A - m > by and 

lk±,m|U2 s _ i < C||(Bw ± ) m || w _ li2s . (4.50) 
By Lemma 4.1 and (JQ2J) u> ± G W a , and, 

||w±||«. < C||w ± || w _ s . (4.51) 
Equations (IP9l . (g^Uj) and (I43TJ) imply that 

ll^illw^ < CpWilk-M. < C\\w ± \\ Hs < C\\w ± \\ n _ s , 2s - 1 = e > 0. (4.52) 

We now prove that the ip± are eigenvectors of F with eigenvalue A. Taking the adjoint of (j4.H4j) we 
have that 



m 

k 2 - A 2 
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AR(z) = {I + AR (z)B)- 1 AR (z), z G C±. (4.53) 
Taking the inverse of ()4.53|) and multiplying the result by A we obtain 

(F - z) = (F - z)A~ l {I + ARq(z)B)A, z G C±. (4.54) 

Taking the limit z — > A, 

F — A = (F — X)A- 1 (I + ARo,±(X)B)A. (4.55) 

Then, since ip± G -D(A) and A(p± = w±, it follows from (j4.42|) and f|4.55|) that tp± G D(F) and 
Fyj ± = \(p±. 

■ 

The LAP for F follows now from the LAP for F (see Section 2) ()4.33|) and Lemma 4.2. We state 
the results in the following theorem. 

THEOREM 4.3. Suppose that fl^.i| ) holds. Then, the following limits 

F±(A) := ]im R(\±ie), (4.56) 

ej.0 

errisi in the uniform operator topology on B(H S , Tl- S ), s = for A G M\Z\a p (F), where o~ p (F) 
denotes the set of eigenvalues of F. Furthermore, 

R±W = F ,±(A) - F , ± (A)AG ,±(A)- 1 FF 0i± (A). (4.57) 

The functions 

R±{X) := {r±(\), AGM\Z\a p (F) ; (458) 

with values in B(7i s ,l-L- S ) are analytic for A G C± and continuous for X G C±UR\Z\crp(F). Further- 
more, F has no singular- continuous spectrum and <7 P (F)\Z consists of finite dimensional eigenvalues 

that can only accumulate at Z. Moreover, if A G a p (F), A + m G o~ p (F) for all m G Z. Finally, 

if either J2m=-oo \\Vj,m\\L s , for j = 1, or for j = 2 or ll^3ll Loo ^jg> 4 ^ ^ s sma ^ enough, then, c p (F) is 
empty. 
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Proof: The existence of the limits in (J4.56)) and the properties of R± have already been proven. The 
fact that F has no singular-continuous spectrum is a consequence of the LAP for F |2$ 3 . In the 
proof of Lemma 4.2 we established a one-to-one correspondence between the kernel of F — A and 
the kernel of (I + Qo,±{X)) for A G R\Z. But as Qo,±{X) are compact the kernel of the later are finite 
dimensional, and then the non-integer eigenvalues of F have finite multiplicity. Suppose that Xj are 
infinite distinct points of o~ p {F)\L, and that lim A,- = Aoo, Aoo ^ Z. By Lemma 4.2 there are Wj with 

j-*oo 

\\wj\\<n = 1 such that 

wj = -ARo^X^BwjJ = 1, 2, • • • . (4.59) 

As AR 0t+ (\j)B are compact we can assume (eventually passing to a subsequence) that Wj — > Woo 
strongly in TC with ||Woo||w = 1, and 

Woo = -ARo^X^Bwoo. (4.60) 

Denote by 

Lfj := -Ro !+ (Xj)Bwj, j = 0, 1, 2, . . . , oo, (4.61) 
the corresponding sequence of eigenvectors. Then (fj ^ and by (|4.52|) 

INI W <C,j = l,2,...,oo. (4.62) 

Since Wj — > strongly in 7i, by (|4.61j) cpj — > (^oo strongly in 7i_ s ,s = to <^oo, and then, 
by (|4.62|) </jj — > (^oo weakly in Tt. But as (^oo and (fj are eigenvectors corresponding to different 
eigenvalues of F they are orthogonal, and it follows that = 0, which is a contradiction. The last 
statement of the theorem is immediate since e - tmt p e vmt = p _|_ m . Finally, by the proof of Lemma 

+ 0O 

4.1 if either ||Vj lTO ||z,3 for j = 1, or for j = 2 or 1 1 V3 1 1 /™4\ is small enough ||Qo,±(A)|| < 1, 

m=— 00 L°°IJK J 

and then, I + Q ±{\) is invertible for all A G R. Hence (see and (|43Hjl ). the LAP for F holds 



for all A in R and this implies that F has pure absolutely-continuous spectrum [28]. In particular, 
F has no eigenvalues. 
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Theorem 4.3 extends the results of ^U] and 03] to the critical singularity L 3 / 2 . There are a number of 
results in the LAP for time-dependent Hamiltonians. See for example, [24], [48] . where long-range 
potentials are considered. In H the LAP at A G Z is also studied. References [21], (HI and 
consider potentials that are more regular than ours. 

It follows from (J2.39)) and Lemma 4.1 that D(X)A G _B(7i, 7i(A)). Under the assumptions of 
Theorem 4.3 G±(X) extend to continuous functions from C± UM\Z\a p (F) into B(7i) and 

G±{\) = G ,±(A)~\ A G C± U R\Z\a p (F). (4.63) 

Denote, 

D ± (A) := D(\)AG±(\), X G R\Z\a p (F). (4.64) 

Let E(X) be the spectral family of F, and let TC ac (F) be the subspace of absolute continuity of F. 
Then, for any if G Ti. ac (F) of the form, 

N 

V = E EVMw, Ij C R\Z\a p (F), (4.65) 

3=1 

Ij compact, Ij fl Ik = (f), j 7^ fc, define the operators 

N 

%:=Ex/iW^±(A)% (4.66) 
i=i 

Hence, under (|4.1j) the following facts are proven as in the proof of Theorem 3.11 of [22] (see also 
the proof of Lemma 7.1 of 35 ). The T± defined by ()4.66j) extend to unitary operators from 7i ac (F) 
onto L 2 (R,H) and for any <p G D(A) and any Borel set I C R\Z\cr p (F), 

T ± E{I)A V = X i(X)D ± (X)<f, (4.67) 
and if P ac (F) denotes the orthogonal projector onto TC ac (F), 

FP ac (F)=F ± 1 XF ± . (4.68) 
We now define the wave operators as 
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W± := JF*JF . (4.69) 

The W± are unitary from Ti onto TC ac (F). 

Let us prove that the time-dependent formulae (jl.24j) hold. In fact, we shall prove a more general 
result known as the invariance principle [2H]- Let /(A) be a real-valued measurable function defined 
on R such that, 



lim 

t-»oc ./o 



p(\)e- iTf(x) - lxX d\ 



dx = 0, 



(4.70) 



for all (p e L 2 (R). Then, 



W+ = s- lim e lTf{F) e- iTf{Fo) . 



(4.71) 



T— >±00 

Note that /(A) = A satisfies (|4.7U|) and then, (| 1.24)1 hold. We give some details of the proof in the + 
case. By unitarity it is enough to prove that 



\im(e-^E(h^e- iT ^E (I )Aij) = (E^A^^qEo^AiI;), (4.72) 
for (p, ip G D((l + \x\Y 1+£ ^ 2 A) and J , h bounded intervals with /„, h C R\Z\tr p (F). But by (l2~2oT) . 

(EH), (031, (ginZD and (jHZD, 



where 



(e — /(^)E( /l )^, e-^( Fo ^o(/o)^) = (E(I 1 )A<p,^ E (I )Ai } )+ 

f e~ lTf(x) limh eT {X)d\, 



Kr{\) := r^([G + (A + is) - G_(A - ie)]^ Ai? . + (A + ie) e - iT ^)£? (/o)^). 



(4.73) 



(4.74) 



We prove that 



Urn J i e- iTfW lim h EiT (X)d\ = 0, (4.75) 

as in the proof of Theorem 3, Section 6, Chapter 5 of j2H| (see also the proof of Lemma 7.3 of [35]). 
By (the proof of) Theorem 4 and Corollary 1 of [H] the wave operators W±(t) exist and (jl. 25)1 hold. 
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For this purpose note that if if G D(H ), U (t, 0)(p is globally Lipschitz continuous. Furthermore, by 
the proof of Theorem 3.3 given e > 0, there is 5 > such that 

WiUfah) - I)<P\\ L * <e, if |t 2 - *i| < 5, (4.76) 

and where 5 depends only on the L 2 norm of (p. Then, (U(t, 0)) _1 £/o(t, 0)(p is uniformly continuous 
if ip G D(H ). We prove that Range W±(t) = 7i ac {U{t + 2n,t)) arguing as in the proof of Theorem 
1.1 of gS]. 



By the intertwining relations [2*H] . 

FP ac (F) = W ± F W* ± , (4.77) 

and, in particular, the absolutely-continuous spectrum of F coincides with the spectrum of F , and 
it is equal to K.. 

As in the proof of Theorem 6.3 of 22 j we prove that (see ()1.17j0 for A G M\/L\a p (F) 

S(X) = / - 27iiD(X)AG + (X)BD*(X), (4.78) 



5(A)" 1 = / + 2mD(X)AG-(X)BD*(X). (4.79) 

iS(A) is unitary on 7l!(A). Note that by ()2.39|) and Lemma 4.1 D{X)A and D{X)B are compact 
operators, and hence, S(X) — I is compact. Suppose that in (j4.1|) s := > | and define, 

^ m -=V 2 <p m (4.80) 
with m as in (|2.13|) . Since m G JCi_ s ,ip m G H. Let us denote 

^_ m (t, x, A, u) = ip m (t, x, A, v) - V 2 R + (X)V 1 ip m (-, -, A, u), (4.81) 

m < A, A G R\Z\cr p (F), v G Sf. By taking adjoint in (IQ2J) and by (IQ7I) and (OT|l we prove that 
■0-,m is a solution of the following Lippmann-Schwinger equation 
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^_, m = ^ m - V 2 R ,+(X)V 1 i/;- >m . (4.82) 

Recall that by Lemma 4.1 V2-Ro,+(A)Vi is compact in H, and then ()4.82|) has an unique solution 
unless there is a non-trivial solution to the homogeneous equation 



V? = -V 2 R , + {\)V l( p. (4.83) 
But as Vif = XiViW (I4.83p is equivalent to 

Xi<P = -Qa,+Wxi<P, ( 4 -84) 

and as by ()4.83j) xi^P ^ , by Lemma 4.2 equation ()4.82j) has an unique solution for A £ M\Z if and 
only if A £" a p (F). Define, 

0_, m (t, x, A, v) = (f) m (t, x, A, v) - Rq,+(X) V^- m (-, •, A, v). (4.85) 
By (14.851). and as V>_ m = V 2 0_ m , 

(F Q + V)<j>^ m = A0_, m . (4.86) 

Observe that (F — A)0_ jm and V(f)_^ m belong to K-i >s and that (|4.86|) holds on K-\- s . 

Let T(A) := S{\) - I be the scattering amplitude. Then, by (ETT3T) . (I2~m dCTD and 
(gZZBD , for ^ £ W(A) 



(T(A)^)„(i/) = - 




(4.87) 



where 



T n , m (A, i/, i/) := (V(f>- m (; ; A, i/), n (-, ■, A, v)) . (4.88) 

Our results on the existence and completeness of the wave operators extend those of JU] , [EI] , to the 
critical singularity L 3 / 2 of the potential. For other results on scattering with time-periodic potentials 
see for example 0, EH, E3, EH, E2 and jS]. 
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5 The Inversion 

We first prepare some results on the Faddeev's Green operator that we need. For the proofs see |3Uj . 
1) For p = p ± + zv G C 3 ,p_L G IR 3 , z G C±, v G Sf,p± ■ v = 0, denote, 



where <p = TtP- Then, as a function of p±,v, z G C±, g„(p) is continuous and it has continuous 
extensions to z G C± with values in B{L 2 S , W 2 - s ), s > 1/2, with the exception of (p±, z) = (0, 0), and 
if s > 1 also at (p±, z) = (0, 0). 

2) For fixed p±, v, g„(p±, z) is an analytic function of z G C± with values in B(L 2 sl W%-^). 

3) For any 5 > there is a constant such that, 




(5.1) 



(p)\Wlw P ,- s ) < C S (\ P± \ + \z\y-\0< p<2, 



(5.2) 



for \p± \ + \z\ > 5, s > 1/2. 



4) For p v G 



9u,±(p±,Pu) := s - ]im g v (p± + {p v ± ie)i/) 



-i(px+p„v)-a; 



i2o,+ ((p± + P^) 2 ) 



T*(|p ± + ^^|)x{±^>±p,/b ± + P ^|} 



87T 2 |j9_L +p u V 



T(\p ± +p v u\))e i{ t> ±+PvV > x . 



(5.3) 



For with p 2 



0,p ^ 0, see |33]. 



Consider now the operator, 




ik- 



(5.4) 



with p = p ± + zv, z = a + i(3 G C±, 7 G R. If 7 > 0, 
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9v(l>, 7) = e^ u - x g v (p ± + zv + ^cu)e~^ x , (5.5) 
where u G S\ satisfies, u ■ p± = u ■ v = 0. Then, by (|5.2J) for any 5 > 0, 

\\9uip, 7) Wb(lIw p ,. b ) < C s (p! + « 2 + P 2 + 7) ( "~ 1)/2 , < p < 2, s > 1/2, (5.6) 

for (pi + a 2 + (3 2 + 7) 7 > 5. In the case where 7 < 0, we prove as in the proof of Theorem 1.1 and 
Remark 2.2 of jSEj that for any 5 > there is a constant C$ such that, 



i, Wfl(¥ M, < r (i + bi + « 2 + 1 2 + l7l) (bi + a 2 + i\ + p 2 )-^ 2 y/ 2 

s > 1/2, for (|p| + a 2 + 7 | + /? 2 ) 1/2 > 5. 

We now proceed as in [34j. For 5 G M denote, 



£ 5 := {y; : e^y^x) G L 2 }, (5i 

with norm 



l|e %l ^(x)|| L2 , 



(5.9) 



and 



9 

:= {(peS s : T^-(p G £ 5) j = 1,2,3}, 



with norm 



(5.10) 



i=i 



_d_ 

dx. 



1/2 



(5.11) 



Suppose that 5 > and fix is E S 2 . Then, if 7 > there is a neighborhood, O, of M 2 x C \ M, in 
, and if 7 < there is a neighborhood, 0, of (M 2 \ S* 2 /—) xC\l, inC 2 xC\ R, such that 



for any (p±, z) G O there is an operator h u (p±, z, 7) G i3(£,5, £-,5) that is analytic in O and such that 



h v (p±,z,"/) = g u (p± + zv,*f),p± G R 2 ,z G C\ 



(5.12) 
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Moreover, for fixed p±, z, v the family of operators h v (p±, z, 7) is uniformly bounded for 7 such that, 
\p± r + l\ — f° r an y V > Oj where denotes the real part of p±. 

Designate by — Aj_ the Laplacian on the plane orthogonal to v and, 

r±,±(z) := (-A ± - z)-\ z G Cl\{0}. (5.13) 

The r±^±(z) are integral operators with integral kernel jHq \-\fz\x — y\), with Hq^ the modified 
Hankel function. As is well known, this implies that r± j ±(z) have analytic continuations across (0, 00) 
to |3Vi| < S as operators on B(£$, £-5) for any 5 > 0, with bound uniform for |z| > rji, \Qz\ < S — r] 2 , 
for any rjt, r} 2 > 0. Let / G Cg°(R) satisfy, /(£) = 1, |f | < e, /(£) = 0, |f | > 2e with £ small enough. 
Then, h u (p±, z,j) is defined as 

K{p±,z,l) :=h^{p ± ,z, 1 ) + h^{p ± ,z,j), (5.14) 

where, 

»PW,7) — ( ^i-^>L_ ) ^ e ^, (5,5) 

and, 

/i( 2 )(p ± , 2 ,7) :=e-^ x T-\r^ + {-kl-2zk v + 1 + pl) X( - o fl ){K) 

(5.16) 

where ^ is the Fourier transform along the v direction in M 3 and k u = k ■ v. 
In the case 7 = was considered. 

Recall that fi, f 2 G L 3 are compact operators from W\ t2 into L 2 . Then, Q u (p±, z, 7) := e~ s °^ f\ hfi 
e - 5 o\ x \f 2 i s compact in L 2 , and its norm tends to zero as 7 — > —00. In the case 7 > we write, 
zv + P± — q + Zip:, with q G M 3 , z\ G C \ R, G S" 2 , q ■ fi = and > . Then, 

Q„(p±, 7) = e^-e-^l-l^^jF-i (1 _ /(A^^e^N e'^-f^x), (5.17) 

where, p := q + Z\\i + 1/7^ with uj G S" 2 , g • u = fi ■ uj = 0. T~ x (1 — f{k v ))J- v is bounded in L 2 . 
Moreover, for (j),ip in Schwartz space, (Q u (p±, z, 7)0, ip) is analytic in Zi and it tends to zero as 
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3^1 — > oo. Hence, it follows from the maximum-modulus principle ( see [2], page 231) that it takes 
the maximum for z\ real. 

Moreover (see the proof of Lemma 4.1), /iXo,±(z).fi is bounded in L? with bound uniform for 
z G C±. Denote, d(p) := (1/V^p 1/4 ) T(y/p) with T(p) the trace operator As, 

h d*( P ) d{p)h := -L/i [r , + (p) - ro ,-(p)] /i, (5.18) 
Am 

we have that d(p)/i G £>(L 2 , L 2 (S 2 )) with bound uniform in p. Moreover, if fi G C£°, /i r 0i ±(p) fi is 
Hilbert-Schmidt, and hence, in this case, d(p)fi is compact. Approximating f\ by functions in 
we prove that d(p)f\ is compact for /i G L 3 . 

Furthermore, for #i real, Qz = 3p_i_ = and it follows from (|5.3jl that in this case, 

I(Q„(p±,*,7)&V0I < CII/1IU3 ||/ 2 |Ua IHUHHb, (5.19) 

uniformly in 7 > 0. Here we use that J-~ x {\ — f{k v ))J- v is bounded in all LP spaces. By the 
maximum-modulus argument above, this is also true for all z G C, and by continuity, it also holds 
for all (f), ip G L 2 , and it follows that Q v (p±, z,j) is uniformly bounded in L 2 for all 7 > 0. Note 
that if fi, / 2 G C£°, the norm of Q u (p±, z, 7) goes to zero as 7 — > 00. Hence, approximating / 1; / 2 by 
functions in C£° we prove that this is also true for / 1( / 2 G L 3 . 

The function Hq (z) satisfies the following estimate [7] , 

,,s ( I lnzl, Id < 1/2, 

ftf^l^C ei-V L;/ /2 (5.20) 

From this it follows that e - * 50 ' 21 ' /1 e~ s °^f2 is Hilbert-Schmidt in L 2 and that its norm goes to 
zero as I7I — > 00. 

For any 5 G R, we define, 

XV=L 2 (T,£ 5 ). (5.21) 

For 

(pj.,z) G O z := {(p ± ,z) G O, withpl jR £ Z} , (5.22) 

let us define, 

H v (p ± , z, m) := ©~ .^^(pi, z,m — n) P n G £(£> 5 , £>_ 5 ). (5.23) 
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If V satisfies the conditions of Theorem 1.1, we prove as in Lemma 4.1- using the results above- that 

M v (p±, z, m) := V 2 H v (p ± , z, m)V x , (p±, z) E O z , (5.24) 

are compact operators on 7i and, moreover, that M v (p±, z, m) go to zero in norm as p± E M 2 , — > 
oo, uniformly in p±. Then, (J + M u (p±, z, m)) has a bounded inverse in H for (p±, z) E 0\O e (m), 
where the exceptional set O e (m) has the following properties. The intersection of O e (m) with 
{(p±,z) E : p± E 1R 3 , \$Sz\ > M} is empty for some M > 0. Let U C C± be any open set 
such that there is a sequence, z n E U with \$sz n \ — > oo as n — > oo. Moreover, let z E U,—> p±(z) 
be any analytic function such that (p±(z),z) E 0%, z E U and that p±(z n ) E IR 3 . Then, the set 
{z E U : (pj_(z),z) G O e (m)} has no accumulation points in U. 

Let us now define for A G M\Z\cr p (F), ip+ jm as in (|4.8ip . but with i?_(A) instead of i?+(A), 

ip + , m (t,x, A, i/) := tp m (t,x,\,is) - V 2 R-(\)V 1 ip m {-, -, A, z/), (5.25) 

and (see 

<j>+, m {t, x, A, := (f) m (t,x,X,v) -i? -(A)l / iV' +im (-,-,A,z/). (5.26) 
We define for # G 7i(A), 

<f>±,g(t,x, A) := / 2 <f>±,m(t, x, A, v)g m (v)dv. (5.27) 

m<A "^i 

Suppose that we are given another potential, V', that satisfies the conditions of Theorem 1.1, 
and let us denote by ip± m , 4>± m , <S""(A), T n>m (A) the corresponding quantities for A G M\Z\cr p (F). It 
follows from (Oil) . lQ5t . (I5~231) . and (ET2EI) that, 



27T« 



((F - A)0_ „, 0+, m ) - (<j>-,n, (Fq - \)<j>+,m) 



-2m 



— ,ni Ym — ,ni 0m) 



(5.28) 
(5.29) 



Then, by lQ7l) and (OHI) 
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2-ni 



((F - \)<P-, g ,4> + ,g) ~ (<P-, 9 , (F - X)h,9)} = ((S(X) - S(X))g,g) ,9,~g£ H(X). (5.30) 



Moreover, for (p±, z) G 0\O e (m) let us denote, 

n m , u (t,x, P± ,z) ■= e^^^ 1 ~ H v {p u z,m)V x Y m ^,-,p u z)\, 



where, 



(5.31) 



Tm,u(t,x,p ± ,z) := (l + V 2 H l/ (p ± ,z,m)V 1 )- 1 e imt V 2 , 
is the unique solution of the Lippmann-Schwinger equation, 



(5.32) 



r mt „(t,x,p±,z) = e m V 2 - V 2 H u (p ±} z,m)ViT mtU (-, -,p±, 
in H. As e- 5 ^H 1/ (p±,z,m)V 1 G B(H) for 5 > we have that, 

e~ 5 ^H u (p ± , z, m) V 1 T mtU (-, -,p ± , z) G H. 



(5.33) 



(5.34) 



Then, Q miV G V_$, if 5 > \Qz\ + \$sp±\- Moreover, if (p± + zv) 2 = X — m, (F — X)fl m;l/ G 
X>_i,s , V 2 Sl m , v G V 5q , and then, VQ m<u = V x V 2 Vt m ^ v G X>-i, 2< 5o- Hence, 

(F + V - A)^,, = 0, (5.35) 

in P_! _ s . 

By (jCTj) and using (tQ7t . lOT|) . (jOS) . (15~25]) and ({SUED , we see that 



0±, m (£, x, A, i/) = (fim(t,x, X, v) -F T (A)V r i^ m (-,-,A,i/). (5.36) 

Let Q be any function that satisfies the conditions for Vj,j = 1,2 in Theorem 1.1. Let / G 7i, and 
suppose that 

(/,Q0 + , 9 ) = O, (5.37) 

for all g G H(X). Denote, 



h:=(I- AG_(A)5F 0i _(A))Q/. 
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(5.38) 



Then (see (gUJ and flZZD ), for \> m,g m e L 2 (S^ 



(T m (X)h } g m ) = g m (u)(f,Q<l> +tm (;;\,u))du = Q, (5.39) 
is? 

where we have taken adjoints in ()4.32|) and we used (|4.36|h and ()5.36|) . It follows that if ()5.37|) holds 
then (see flUH), 



D(X)h = 0. (5.40) 

Let us designate, 



w_ := R-(X)Qf. (5.41) 



By ljQ3|) and (jQ7j) . 



M _ = i? _ (A)/i G ft_ s , s > 1/2. (5.42) 



Then, by ()5.40|) it follows as in the proof of Lemma 4.2 that w_ G H. Note that /i G £-1,5, 5 < 5o- 
By (jEH, as m_ G H and (l5~47IJ) holds, 



{Fu-) m {k) = — (Fh) m (k), (5.43) 

Ar — A + m 



with {Th) m {y\ — mv) = 0, ^ G Sf, A > m. It follows from the Paley- Wiener theorem [27] that 
u_ G £1,5, for any 5 < 5o. 

Arguing as in the beginning of the proof of Lemma 4.2 we obtain that, 

(F + V - AK = Qf. (5.44) 

For 5 < 5q denote, 



N := {if G H : <p = Q0, G (F - A)0 G ^0 G X>_i,-*, and (F + V - A)0 = 0} . 

(5.45) 

Then, for any ip G N : 
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(/,¥>) = ((F o + V-A)w_,0)=O. 
This implies that / G N x , and hence, the set 

[tp : <p = with # G W(A)| 

is dense in the closure, N, of N in 7i. We prove that the set 

[ip : (p = Q(j)-,g, withg G 7i(A)| 

is dense in N in the same way. 



(5.46) 



(5.47) 



(5.48) 



We argue now as in (34]. For any rai,r/^ G Z denote m = max[mi, m<i\. Suppose that A > m . 
Then, for any k G M 3 take v, uj G Sf with k-u = k- co = u- uj = 0, and for p > such that 
p 2 + A — rrij ^ Z, j = 1, 2, define 



P± ■= \ + (P 2 - \k 2 + A - mi) 1/2 w, 



(5.49) 



■= ~ + (P 2 ~ \k 2 + A - 



1/2 

for p > max(^A; 2 — A + mo, 0) . The integral 



(5.50) 



(V - V)(t,x)Q muU (t,x,p±,ip)Q rn2tlJ (t,x,p' ± , -ip) dt dx 



1/2 



(5.51) 



. Moreover, 



converges and it is meromorphic for p in a neighborhood of p > max(^A; 2 — A + m , 0) 
by ()5.30|) and the density argument above, / = for p < 5 . If for some e with, 5o > e > 0, 

k 2 < 4 [(5o — e) 2 + A — mo] this contains all the p as above with So — e < p < So- It follows by 

r i V 2 

analyticity in p that for these k, I = for p > max(|fc 2 — A + m , 0) . Taking the limit p — > oo 

we have that, 



ik-x i{rn\—m,2)t 



[V(t,x) - V(t,x)]dt dx = 0. 



(5.52) 



But as the Fourier transform of V — is analytic in k for |9ffc| < 2<5 , this holds for all k G 
M 3 ,m 1 ,m 2 < A. This implies that V — V = 0, and it completes the proof of Theorem 1.1. 
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